AFFINE CELLULARITY OF AFFINE HECKE ALGEBRAS OF 

RANK TWO 



JEREMIE GUILHOT AND VANESSA MIEMIETZ 

Abstract. We show that affine Hecke algebras of rank two with generic pa- 
rameters are affine cellular in the sense of Koenig-Xi. 



1. Introduction 

In order to approach the fundamental problem of classifying the irreducible repre- 
sentations of a given finite-dimensional algebra, the concept of cellularity, defined 
by Graham and Lehrer [5], has proven extremely useful. A cellular algebra comes, 
by definition, with a finite chain of ideals, whose subquotients, denoted by cells, 
decompose as left modules into a direct sum of copies of a certain module, called 
the cell module. This cell module comes with a bilinear form. Factoring out the 
radical with respect to this form leads to a simple module or zero, and in this way, 
one obtains a complete set of isomorphism classes of simple modules for the given 
cellular algebra. Examples of cellular algebras include many finite-dimensional 
Hecke algebras pQ. 

Recently, Koenig and Xi [9J have generalised this concept to algebras over a princi- 
pal ideal domain k of not necessarily finite dimension, by introducing the notion of 
an affine cellular algebra. Keeping the idea of having a filtration by a finite chain 
of ideals, the ideals are now allowed to be of infinite dimension. Where before a 
cell was isomorphic to a matrix ring over k with a twisted multiplication, it is now 
isomorphic to a matrix ring (still of finite rank) over a quotient of a polynomial 
ring over k, with a twisted multiplication. The most important class of examples 
in [9] of affine cellular algebras is given by the extended affine Hecke algebras of 
type A. 

In this article, we prove the following theorem, providing the first examples of 
affine cellularity for affine Hecke algebras with unequal parameters. 

Theorem 1.1. Let % be an affine Hecke algebra of rank two defined over C[v, v^ 1 ] 
with generic parameters. Then H is affine cellular in the sense of Koenig and Xi. 

Theorem 11.11 is proved by explicit construction of the associated twisted matrix 
rings and the isomorphism between these and the corresponding cells. 

2. Affine cellular algebras 

Let A: be a principal ideal domain. For a fc-algebra A, a /c-linear anti-automorphism 
i of A satisfying i 2 = id a is called a /c-involution on A. For two /c-modules V, W 
denote by a the map V <S>k W W <S>fc V given by a(v ® w) = w ® v. If 
B = k[t\, . . . , t r ]/I for some ideal / in a polynomial ring in finitely many variables 
over K, then B is called an affine /c-algebra. 
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Definition 2.1. [9, Definition 2.1] Let A be a unitary /c-algebra with a ^-involution 
i. A two-sided ideal J in A is called an affine cell ideal if and only if the following 
two conditions are satisfied. 

(1) We have i(J) = J. 

(2) There exists an affine k algebra B with a ^-involution is, and a free k- 
module V of finite rank such that A := V ©& B is an j4-/3-bimodule, 
where the right 73-structure is induced by the regular .B-module Bb- 

(3) There is an A-A-bimodule isomorphism a : J — > A ®g A', where A' = 
B®kV is the .B-A-bimodule with left i?-structure induced by bB and right 
A structure defined by (b © v)a = o~(i(a)(v © 6)), such that the following 
diagram commutes: 

J — >■ A ©# A' 

i v(&b®Bb' ®wt-^-w(&v{b')®Bv{b)(&v 

J — *■ A ®b A'. 

The algebra A together with its /c-involution i is called affine cellular if and only 
if there is a /c-module decomposition A = J[ © J' 2 © • • • J' n for some n with 
i(J'l) = Ji for 1 < I < n, such that, setting J m := (J)J=:l ^i-i we obtain a filtration 

= J C J i C J 2 C • • • C J n = A 

of A by two-sided ideals, where each J' m = J m /J m _i is an affine cell ideal of 
A/ J m _\ (with respect to the involution induced by i on the quotient). 

For an affine A;-algebra B with a fc-involution v, a free A:-module V of finite rank 
and a A>bilinear form ip : V x V — > B, denote by A(V,B,(p) the (possibly non- 
unital) algebra given as a A;-module by V ®fc B ©^ V, on which we impose the 
multiplication (v± © b\ © W\)(v2 © 62 © ^2) := ^i © 61^(^1, ^2)62 <8> ^2- 
The description of affine cell ideal we are going to use is the following: 

Proposition 2.2. [9J Proposition 2.3] Let k be a principal ideal domain, A a 
unitary k-algebra with a k-involution i. A two-sided ideal J in A is an affine 
cell ideal if and only if there exists an affine k-algebra B with a k-involution v, 
a free k-module V of finite rank and a bilinear form (p : V © V — > B, and an 
A-A-bimodule structure on V ©^ B ©^ V , such that J = A(V, B, ip) as an algebra 
and an A-A-bimodule, and such that under this isomorphism the k-involution i 
restricted to J corresponds to the k-involution given byv®b(&w^>-w® u(b) © v. 

Let now A be an affine cellular algebra with a cell chain = Jo C J\ C J2 C • • • C 
J n = A, such that each subquotient Jj/Jj_i is an affine cell ideal in A/Ji-%. Then 
Ji/Ji-i is isomorphic to A(Vi,Bi, cpi) for some finite-dimensional vector space Vi, 
a commutative A:-algebra Bi and a bilinear form ifi : Vi x Vi — > B{. Let (4> l st ) be 
the matrix representing the bilinear form (f> with respect to some choice of basis 
of Vi. Then Koenig and Xi obtain a parameterisation of simple modules over an 
affine cellular algebra by establishing a bijection between isomorphism classes of 
simple ^4-modules and the set 

{(j,m) I 1 < j < n, m G MaxSpec(/jj) such that some cjP st g" m} 

where MaxSpec(-Bj) denotes the maximal ideal spectrum of Bj. Furthermore, 
assume that Jj/Jj_i is an idempotent ideal in AjJ{-\ (meaning (Jj/Jj_i) 2 = 
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Ji/Ji-i), that it contains an idempotent in A/Jj_i and that the radical of every 
Bj is zero. Then, Koenig and Xi show that A has finite global dimension if and 
only if every B{ has finite global dimension. 

3. HECKE ALGEBRAS AND KAZHDAN-LUSZTIG CELLS 

In this section (W, S) denotes an arbitrary Coxeter system (with \S\ < oo) together 
with a positive weight function L. A positive weight function is a function L : 
W — ► N such that L(ww') = L(w) + L(w') whenever £(ww') = £{w) + £(w') where 
I denotes the usual length function on W. The main reference is [TTJ . 

3.1. Hecke algebras and Kazhdan-Lusztig basis. Let A = C[t>,v _1 ] where v 
is an indeterminate. Let Ti be the Iwahori-Hecke algebra associated to W, with 
^l-basis {T w \w G W} and multiplication rule given by 



T T 



T sw , if £(sw) > £(w), 

T sw + (v L ^ - v~ L ^)T w , if t(sw) < e(w), 



for all s G S and w G W. Let be the ring involution of A which takes v to v 1 . 
It can be extended to a ring involution of H via 



^"wT w — ^ Q>wT w —\ {flw G A). 

We set 

-4<o =v- 1 Z[v- 1 } and H <0 = (& w&w A <0 T W . 

For each w € W there exists a unique element C w G T~L (see Theorem 5.2]) 
such that 

(1) C w = C w 

(2) C w = T w mod 'H<o- 
For any w G W we set 

C«i = T w + Py jW T y where P y ^ w G ^l<o- 

It is well known ( |11[ §5.3]) that Py, w = whenever y ■% w (here < denotes 
the Bruhat order). It follows that {C w \w G W} forms an „4-basis of H (the 
"Kazhdan-Lusztig basis"). The coefficients Py )W are known as the Kazhdan-Lusztig 
polynomials. 

Definition 3.1. Following Lusztig [11, §3.4], there exists a unique involutive an- 
tiautomorphism, i.e. an ^.-involution, b : T-L — > Ti which carries T w to T w -i. 

Remark 3.2. Using this map, we obtain right handed version of the multiplication 
of Ti: 

\T WS , if £{ws)>£{w), 

I T ws + (v L ^ - v~ L ^)T w , if £(ws) < £(w). 



T T 

± w ± s 



Further, since b sends Ti<o to itself it can be shown that pU §5.6] that C b w = C u 
from where it follows that 

Py,w = Py- 1 ,!!)— 1 - 
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3.2. Kazhdan-Lusztig cells. We denote by h X y jZ the structure constant with 
respect to the Kazhdan-Lusztig basis. That is, we set 

C x Cy — ^ h X y Z C Z ' 

Note that h X} y jZ = h x ,y, z and, similarly to Remark l3.21 we have h Xj y jZ = h y -i ,-i r i . 
We write z <— £ V if there exists some s G S such that h sy>z 7^ 0, that is C z appears 
with a non-zero coefficient in the expression of C s C y in the Kazhdan-Lusztig ba- 
sis. The Kazhdan-Lusztig left pre-order <£ on W is the transitive closure of this 
relation. The equivalence relation associated to <£ will be denoted by ~£, that is 

x ~ c y <^=> x <cy and y < c x (x, y G W). 

The corresponding equivalence classes are called the left cells of W . Similarly, 
we can define a pre-order multiplying on the right in the defining relation. 
The associated equivalence relation will be denoted by and the corresponding 
equivalence classes are called the right cells of W . Using the antiautomorphism b, 
we have (see pX, §8]) 

x <c V x' 1 < n y' 1 . 

Finally we write x <cn V if there exists a sequence x = xq, xi, x n = y of W 
such that for each < i < n — lwe have either x% <— £ ^i+l or x i x i+\. The 
equivalence relation associated to <ctz will be denoted by ^ciz an d the equivalence 
classes are called the two-sided cells of W. 

The preorders <£, <^, <cn induce partial orders on the left, right and two-sided 
cells, respectively. 

3.3. Kazhdan-Lusztig cell modules. We will follow the notation of [TJ. Let 
? G {£, 1Z, C1Z}. We define a ?-ideal to be a left ideal if ? = jC, a right ideal 
if ? = R and a two-sided ideal if ? = C1Z. Similarly, an %-?-module is a left 
^-module if ? = C, a right %-module if ? = R and an %-%-bimodule if ? = C1Z. 
Let T be a ?-cell of W. We set 

T-i<,T = {C y | y <? w,w G T}_4 and 
%< ? r =(C s |!/<?w,we T) A . 

Then by definition of <?, we see that "H< ? r an d %< ? r are ?-ideals of Ti. Therefore 

Ml := U<,t/U<7t 

is naturally an %-?-module. It is called the Kazhdan-Lusztig cell module associ- 
ated to r. Note that it is a free .4- module with basis the images of the elements 
C w for w G T. 

Let r be a two-sided cell of W and let 

m 
t=l 

be its decomposition into left cells. We denote by [ . ] the natural projection onto 
Mj^. (Then has an ,4-basis {[C w ] | w G T}.) As an ^4-module we have 
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m 

i=i 

Further if one assumes that the Lusztig conjecture 

(*) x < c y and x y=? x ~ c y 

holds, then the ^4-submodules A4p. are left %-submodules of for all 1 < i < 

m. Indeed, for all h G T~L and y G Ti, we have 

= az ^ z = a zC z + a zC z f° r some a z G A 

z<cy z< c y,z£T z<cy,z<£r 

which, using (*), yields that h[C y ] G -Mp . 

Remark 3.3. Conjecture (*) is known to hold in the equal parameter case. In [5] it 
is shown that it holds in affine Weyl groups of rank 2 for all choices of parameters. 

Finally, since the %-%-bimodule is a two-sided ideal in 'H/'H <cn r, it can 

be viewed as an algebra (possibly without identity element). The multiplication 
is given by 

[Ca;]^] = [C x C y ] = h x>y)Z [C z ]. 

If one assumes that (*) holds, then the .4-submodules M^. are left ideals of 
for all 1 < i < m. 

Remark 3.4. Note that the involution b fixes each T~L< C - R r an d H< cn r hence induces 
an involution on A4^. We will still denote this involution by b. 

3.4. Generic parameters. Let S = {si, s r } be the set of conjugacy classes in 
S. Any weight function on W is completely determined by its values on S. Let 

V = M r be the Euclidean space of dimension r and let U)\, UJ r be the standard 
basis of V. We identify the set of weight functions on W with the set of points in 

V with integer coordinates via 

L— >-(L(ai),. „,L(a r )) EV 

where Sj G Sj for all i. The element of the r-tuple (L(s\), ...,L(s r )) are called the 
parameters. To any choice of parameters one can associate a partition of W into 
left, right and two-sided cells. 

According to Bonnafe's semicontinuity conjecture [T], there exists a minimal finite 
set of hyperplanes in V such that the partition of W into cells is the same 
for all parameters V, V G N r belonging to the same fj-facet (we refer to [2] 
for the definition of facets). The elements of this minimal set are called essential 
hyperplanes. The conjecture also states that the partition into cells for non-generic 
parameters can be recovered from the partition with respect to generic parameters. 
We refer to [1] for details on this conjecture. In the following definition we assume 
that Bonnafe's conjecture holds. 

Definition 3.5. The parameters V := (oi, . . . , a r ) G N r are called generic if they 
do not belong to any essential hyperplane for W. 
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In this paper, we are only concerned with affine Weyl groups of rank 2 where the 
semicontinuity conjecture is known to hold and where the generic parameters have 
been determined in |8j. 

Example 3.6. Let (W, S) be the affine Weyl group of type G2 with diagram and 
weight function given by 

abb 

C^^Q O 

si s 2 S3 

where a, b are positive integers. Then (a, b) £ N 2 is generic if and only if a/b 7^ 
1, 3/2, 2. The corresponding partition into cells can be found in |S|. 

Example 3.7. Let (W, S) be the affine Weyl group of type B2 with diagram and 
weight function given by 

a b c 

si s 2 s 3 

where a,b,c are positive integers. We define the following hyperplanes in R 2 



5 
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Then (a, b, c) € N 3 is generic if and only if (a/b,c/b) does not belong to any 
hyperplanes on the picture above [HJ [6] . The corresponding partition into cells can 
be found in [6]. 

3.5. On the induction of Kazhdan-Lusztig cells. In this section we introduce 
the relative Kazhdan-Lusztig polynomials as in [3j. Let S' C S. We denote by W 
the subgroup of W generated by 5" and by X' the set of distinguished left coset 
representative of W' in W. Every element of w € W can be written uniquely 
w = xu where x £ X' and u € W . Note that t(w) = £(x) + £(u). 
Let be the Kazhdan-Lusztig left preorder relation defined with respect to the 
Coxeter group (W, S') and the corresponding Hecke algebra. We define a relation 
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Con Was follows. Let x, y E X' and u,v E W' . We write xu\Z yv if x < y and 
u <v. We write xu C if xu C ut> or x = y and u = v. Then we have 

Proposition 3.8. (|3l Proposition 3.3]) For any y E X' and v E W we have 

Gyv = ^ ] Pxu,yvTxC u 

xex',uew 

xuL-yv 

where p* yv ^ v = 1 and p xu , yv E A <0 i/xu C yw. 

Remark 3.9. Recall the ^-involution \> : H ?i from Definition 13.11 which can 
be used to obtain a right-handed version of the above result. First Y' = X'^ 1 is 
the set of distinguished right coset representative of W in W. Any w E W can 
be uniquely written w = ux where u E W and x E Y' . We get for all y E Y 7 and 
u € W: 

= ^ ] Pux,vyCuT x 

xeY',ueW 

uxQ-jivy 

where pS£ )Wy = P* {ux) -i i(yv) -i ■ 

Using this theorem, Geek obtained the following result (see [3| Section 4]). 

Corollary 3.10. Let b be a left ideal ofW' with respect to <' c . Then the set X'b 
is a left ideal ofW with respect to <£. 

3.6. Generalised induction of Kazhdan-Lusztig cells. We now introduce the 
Generalised Induction Theorem. The idea is to generalise the construction above 
to some subsets of W which may not be parabolic subgroups. We refer to [71 [8] 
for details. 

We consider a subset U C W and a collection {X u \ u E U} of subsets of W 
satisfying the following conditions 

11. for all u E U, we have e E X u , 

12. for all u E U and x E X u we have £(xu) = l(x) + £(u), 

13. for all u,v E U such that a^wwe have X u u fl X v v = 0, 

14. the submodule A4 := (T^C^I u E U, x E -A«).4 C % is a left ideal. 

One can easily see that the set B := {T x C u \u E U, x E X u } is an ,4-basis of A4. 
Thus for all y E IF and all v £ U, we can write 

TyC v = y o, x ^ u T x C u for some E A 

Let ^ be the relation on [7 defined as follows. Let u,v E f/. We write u r< i> if there 
exist u E W and x E X u such that T X C U appears with a non-zero coefficient in 
the expression of T y C v in the basis B. We still denote by -< the pre-order induced 
by this relation (i.e. the transitive closure). For u,v E U, x E X u and y E X„ we 
write xu \Z yv if u ^ v and xu < yw. We write xu Q yv if xu n yv or x = y and 
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Proposition 3.11. (^|7, Proposition 3.8]) For any v G U and y G X u , there exist 
a unique family of polynomials (p xu ,yv)xunyv i n A<o such that 

Cy V := TyC v + ^ ] Pxu,yvTxC u 

u£U,x£X u 
xunyv 

is stable under the ~ involution. 

Now if one assumes that 

15. for all v G U, y G X v we have 

T y C v = T yv mod 7i <0 

then we have Cyv — Cyv . 

Remark 3.12. This is really a generalisation of Geek' s result. If we set U = W 
and X u = X' for all u G U then condition 11-14 are satisfied. For condition 15 
we have for v G W and y G X': 

Cyv = TyC v + ^ ] Pxu,yv^xC u 

ueu,x£X u 

xunyv 

= T y (T v + f^.uluj + Pxu,yv^x Pui,uT U i 

v\<v ueU,x£X u u±<u 

xunyv 

= T yv + ( P Vl ^ v T y T Vl ^ + p xuyv P Ul ^ u T x T Ul 

v\<v ueU,x£X u u±<u 
xunyv 

= + ( + Vxu'yv^ux-uXxu-i 

vi<v ueU,x£X u Ml<U 

= mod "% <0 . 

Since C y „ is stable under the involution ~ we get C yv = C yv . 

4. Main result 

Throughout this section, W denotes an affine Weyl group of rank 2 and L a generic 
weight function. We fix a two-sided cell r of W and wish to show that ls 
an affine cell ideal in 'H/ / H <cti y-. In Sections I4.1H4.41 we assume that, in the case 
where W is of type G2, the two-sided cell T is either infinite or does not intersect 
the group generated by S2 , S3 . The remaining cases will be treated in Section 14.51 



4.1. Description of T. In this section we present a very nice description of T. It 
is rather surprising that most of the two-sided cells in W can be described in such 
a uniform way. Note that this description is vital in the proof of affine cellularity. 
We refer to the next section for examples of this description. 

By inspection of the different partitions into cells given in [6j |8], one can show 
that there exist two subsets T and Z = {z\ = e, Z2, ■ ■ ■ , z m } of W and an element 
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wr GWina parabolic subgroup W' such that for all 1 < i,j < m and all r € T 
we have 

i{zr x rw v z k ) = lizr 1 ) + £( T ) + t{wr) + i(zj) 
and the following map is bijective 

ZxTx Z — > r 
(zi,T,Zj) i — > z^rwrzj eT^nTj. 

The left cells lying in T are of the form 

Tj = {z~ l TWrZj \ t e T,l < i < m}. 

and we have 

(Ti)" 1 n Tj = {zT X TW V Zj | r G T}. 

The set T can be expressed in one of the following forms: 

(1) J ={t\t™ | n,m e N} 

(2) T = {t n | n G N} 

(3) T={e,i} 

(4) T = {e} 

In case (1) we set T = {ii,^}, m case (2) and (3) we set T = {t} and in case (4) 
we set T = {e}. In all cases it can be checked that for r G T, we have 

rwr = wtt~ 1 . 

It is clear that if T is infinite, then we must be in case (1) or (2) and if V is finite 
then we must be in case (3) or (4). We refer to Section 5 for examples of the 
different cases: when V = cq we are in case (1), when r = c\ or C2 we are in case 
(2), when V = C3 we are in case (3) and when T = C4 we are in case (4). 

Remark 4.1. This description is no longer true for all cells if the parameters are 
non-generic which is why in this paper we are only considering generic parameters. 

4.2. The element P. Let X' be the set of distinguished left coset representative 
of W in W and let < £ be the Kazhdan-Lusztig left preorder relation defined with 
respect to W. Then explicit computations show that either 

(1) wr is the longest element in W; 

(2) wr = sw' where w' is the longest element of W', w T = 1 and {wr,w'} is 
a left ideal of W with respect to <^. 

The element P in Case (1). Assume we are in Case (1). By well-known properties 
of the longest element in a Coxeter group, for all u G W we have u <£ wr implies 
that u = wr- Further, one can easily check from the definition of C that this 
implies that if w G W satisfies w Q yw-p then w = xwr with x < y and x G X' . 
Thus by Proposition 13.81 we get for all y G X' 

Cy Wr = T y C Wr + Pxw r ,ywr^ z ^ w r 
x<y,x£X' 

= [Ty + VxWY,yw T r ^ z )^-' w T- 
x<y,x£X' 
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We set for y G Z' 1 U T 

P(y)= Yl V% WT , yWT T x , P R (y- 1 ) = (P(y))\ 

x<y,xdX' 

so that we have 

P(y)C W r = Cy Wr and C Wr Pn(y ) = C^^-i. 
The last equality holds since 

C^Pniy- 1 ) = C Wr (P(y)) b = (P(y)C Wr ) b = (C yWr ) b = C w ^ = C Wry -i. 

The element P in Case (2). Assume that we are in Case (2). We set U = {u>r} 
and A = X' U X's. 

Claim. The set U together with X satisfy condition 11-15. 

Assume for now that it is the case, then for all y G X we have (note that in the 
sum below the element x is chosen in X and not in X' as above!) 

Cy Wr = T y C Wr + 'y * Pxw T ,yw T r ^xC Wv 

x<y,xdX 

= fty XT Pxw r ,yw r Tz)C Wr . 

x<y,x£X c 

For y G Z^ 1 U T we set 

P(y)= E P*^ r , yWr Tx, PR(y- 1 ) = (P(y)) b , 

x<y,xdX 

so that we have 

P{y)C Wr = C ywr and C^Pr^ -1 ) = C Wry -i. 
The last equality holds since 

CVPuXy- 1 ) = C Wr (P(y)f = (P(y)C Wr ) b = (C ywr ) b = C w -^ = C Wry -i 

(here we need the fact that = 1)- 

Proof of Claim. In order to verify that U = {wr} together with X = X' U X's 
satisfies condition 11-15, note that Xwr = X'w' U X'wr, from where conditions 
11-13 follow easily. Next we know that {w',w^} is a left ideal of W', thus by 
Corollary 13.101 we get that 

<B = (C w | w G X'wr U XV)^ = (C xwr \ x eX) 

is a left ideal of %. Since 

it follows that 05 = (T^C^ | x G A) and 14 follows. Let x G A. If x G A' 
Condition 15 is clearly satisfied since wr G W. So assume that x G A's, that is 
x = x's for some x' G A'. Then we have 

T X C WT — T x >T s C Wr 

= T x ,{C w ,-v- L ^C wv ) 

= T x 'C w i — v~ L ^T x >C Wr . 
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The claim follows since T x /C w i = T x > w i mod %<o and T x iC Wv = T x / Wr mod 'H<o- 

Finally, in both Cases (1) and (2), we set 

P(tr#) = P(h) m P(t 2 ) n if T = {h,h} 
P(t n ) = -p(t) n otherwise. 

4.3. Properties of the element P. Recall that M.^ can be viewed as an 
algebra and that the ^4-modules 

([C w ] | w g Tj) A 

are left ideals in M.^- (see Section [3.3p . 
Lemma 4.2. Let r G T '. We have 

P(t)C Wf = C^P^r" 1 ). 
Proof. Using the fact that for all r € T we have rwr = wrr -1 we get 
P(r)C Wv = C TWv = C WrT -i = C wv Pr{t ). 

□ 

We define the following ^4-submodule of Ai^: 

M r = ([C TWr ] | r g T) A - 

Lemma 4.3. We have 

{[C w ] | u; G FtU n ([C w ] | w G (rx)- 1 )^ = M r 

Proof. This follows directly from the fact that ([C w ] \ w G Ti)^ (respectively 
{[C w ] | w G (ri)" 1 )^) is a left ideal of M^ n (respectively a right ideal of M^ n ) 
and the equality 

(riH 1 DTi = {tw t I r G T}. 

□ 

Lemma 4.4. The set {[P(t)C Wv ] | r G T} is an A-basis of M.f 
Proof. Since P{t)C Wt = C Wv P r{t~ 1 ) and 

P{r)C Wr G HC Wt C ^ „4C, and C^P^^ 1 ) G C Wr ft C ^ AC Z 

z< c w T z<izw r 

we have [P(r)C tor ] G by the previous lemma. Then the result follows easily 
from the fact that 

P( T )C«i r = C TWr + 'y ^ AC Z . 

z<twy 

□ 

Lemma 4.5. The set {[P{ Z - 1 )P{t)C Wt ] | 1 < j < m,r G T} is an A-basis of 

Mk . 
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Proof. Since 

P(z7 1 )P(r)C7 u , r G HC Wr C ^ „4C7 2 

we have [P(zJ 1 )P(r)C Wr } G Then the results follows easily from the fact 

that 

P(z: 1 )P(r)C Wr = C 2>r + £ C 2 . 

□ 

4.4. Main result. We are now ready to define the different ingredients needed in 
order to show that each cell ideal is affine cellular. Recall the definition of T and 
T in Section [4.11 As our principal ideal domain k, we choose A. We set 

'A[hM if T = {t 1 ,t 2 } 

B= \A[t] ifT = {t} 

\A[t]/(t 2 -I) ifT = {e,t} 

k A ifT = {e}. 

Note that the monomials in B corresponds to the elements of T and we will use 
this identification freely. 

For all 1 < i,j < m we know, by Lemma |4,3[ that 

thus, by Lemma [4.4( we have 

[C WrZj ][C z -i wr ] = £ a^[P(r)C Wr ] where G A. 

Let V be the free A- module of rank m on basis v% , . . . , v m and define the .4-bilinear 
form <p by 

(p : V x V — ► B 

(Vj,V k ) I > E «T fc T. 

rer 

This defines an algebra A(V, B, <p) = V ®aB®j\V with multiplication ^4-bilinearly 
extended from (vi ® r <8> Vj)(vk (g> r' (g> Uj) = Uj ® T(p(vj, v^t 1 <8> V\ as in Section [2j 
We now define a map 

$ : A(V, ->« 

by 

«i 8) r <g> ^ h-> P(z- 1 )P(r)C Wr P i? (2; j ) 

for basis elements Uj, of V and r G T. 
We have 

Hence, the image of $ is contained in 7i< ciz r an d we can compose <3? with the 
natural projection [ . ] onto A4^. We obtain a map 

$ : A(F, 5, — ► A4f w 
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Note that when B = A[h,t 2 ] we have tft^ = t^tf in B thus for $ to be well- 
defined we need to have 

&(vi ® tftj ® Vj) = &(vi ® t%t? ® uj), 

that is 

[P(zri)P(t ir P(t 2 )"C Wr P J? (z J )] = P(^ 1 )P(t 2 ) n P(ti) m C 1Br P ii (^)]. 
To prove this, it is enough to show that 

[P(t!)P(t 2 )C Wr ] = [P^P^C^]. 

This is checked by explicit computation with GAP. 

Proposition 4.6. (1) The map 3> : A(V,B,ip) — > is an isomorphism of 

A-algebras. 

(2) Using ([1]) to define left and right H-module structures on A(V,B,ip) by 
letting h G H act, for v, w G V and b G B, as h(v ® 6 ® u;) = Q~ 1 (h&(v ® 
b ® w) and {y ® 6 ® w)h = <I>~ 1 ($(t; ® 6 ® u>)/i) respectively, <J> is an 
isomorphism of Ti-Ti-bimodules. 

(3) We /icwe $(i> ® 6 ® u;) b = ® 6 ® v) for v, w G V and b £ B. 

Proof. The map $ is .A- linear by definition. We have, for basis elements Vi,Vj,Vk,vi 
of V and i, t' G T, 

$(3 ® t ® Vj)$(v k ® i' ® Uj) 

= [P(zr 1 )P(t)C Wr P fi (z,)][P(% 1 )P(i , )C , W rPfi(^)] 
= [P(z,r 1 )P(t)C Wr ^P(z fc - 1 )C7, ;;r P, ? ,(t , - 1 )Pi ? (^)] 
= [P(z,r 1 )P(t)C WrZj C- lu , r P J? (t'- 1 )P fl (^)] 

= [P^WH E a^P^CVP^OPi^)] 

rST 

= p(^T 1 )P(t)( £ ai' fe P(r))P(t')^ r P J? (z / )] 

= <J>(uj ®tip{Vj,V k )t' ®Vl). 

So $ is indeed a morphism of .4- algebras. 

Remark 4.7. In the case where T = {e, £} we quotient out by t 2 — 1 in B because 
we have 

(P(0) 2 C^r = Cwr- 
The fact that <E> is bijective follows easily from the fact that 

P{z^)P(r)C WT P R ( Z] ) = C z -r TWvZ . + £ AC,. 
This completes the proof of (p}. 

Claim ([2]) follows directly from the definition and the fact that is an 

bimodule. 
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To prove Claim ([3]) we let Vi,Vj be basis elements of V and r £ 7~, and check 
® r ® Wj ) b = [(P(zr 1 )P(r)C„, r P /? (^))] b 
= [(P(zri)P( r )C UJr P /? (^)) b ] 

= [(pH(^)) b (o ?r ) b (p(T)) b (p( 2 e 1 )) k ] 

= [P(z7 1 )a r P /? (r- 1 )P /? (z,)] 
= p(*ri)P( T )C^P*(*)] 

= (2)T(8)Wi). 

The claim follows from ^.-linearity. □ 

Theorem 4.8. is an affine cell ideal in T-L/ / H <c11 t with the A-involution 

induced by b. 

Proof. According to Proposition 12.21 this follows from Proposition 14.61 by choosing 
the ^-involution on B to be the identity. □ 

4.5. Remaining cases. Assume that W is of type G2 (as in Example I3.6P and 
that r be a finite two-sided cell which intersect the group generated by S2 , s 3 • Let 



rn 

r. 



r = Ur 

1=1 

be the decomposition of T into left cells. 

Assume that a > b. Then it can be checked by inspection that for all i,j we have 
that (Tj) -1 n T, only contains one element: we will denote it by w % > 3 . 
Note that this implies that each left cell contains m elements. Let V be a Tri- 
dimensional .4-module on basis vi, . . . ,v m and let B = A. Let 

ip : V x V — ► B 
{vj,v k ) 1 — > a,j t k 

where ajk € B is such that 

[C w ±,j}[C w k,i\ = a jt k[C w i,i]- 
Then it can be checked in each case that the map 

$: A(V,B,<p) — > M£ n 
■Ui®l®Vj 1 — > [C w i,j] 

satisfies the required properties. This is proved by explicit computation. 
Assume that a < b. Then r = Ti U T2 U T3 where 

Ll = {s3,S 2 S 3 ,SiS2S3,S2SiS2S3,S 3 S2SiS2S 3 ,SiS2SiS 2 S3}, 

^2 = {s2,S3S2,SlS2,S2SiS2,S 3 S2SiS2,SiS2SiS 2 }, 

L3 = {s2Sl,S3S2Sl,SlS2Sl,S2SlS2Sl,S3S2SlS 2 Sl,SiS2SlS2Sl}. 

Let B = A[t]/(t 2 — 1) and let V be a 3-dimensional „4- module with basis E : = 
{vi,v 2 ,v 3 }. Let 
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(j> : E x {l,t} x T 

be such that (p(vi,l,Vj) (respectively (f)(vi,t,Vj)) is the element of minimal (re- 
spectively of maximal) length in (Fj) _1 n Tj. Then we define (p : V x V — > B by 
the following matrix 

at a 2 + t 1 \ 
02 + t as + 
1 ai / 

where 

ai =v b + v~ b a 2 = v a ~ b + v b ~ a 

a 3 = v~ b + v 2a - b + v b - 2a + v b a 4 = v - a +v a . 

Finally we set 

A(V,B,ip) —> 

Then it can be checked by explicit computations that is affine cellular in 

the quotient / H/H <cn r- 

4.6. Proof of Theorem 11.11 Theorem 1 1 . 1 1 now follows from the results in Sub- 
sections 33] and 03J Indeed, let W be an affine Weyl group of rank 2 together with 
a generic weight function L and let % be the associated Hecke algebra. Consider 
the filtration of T~L by two-sided ideals 1~L< cn r given by the partial order <ciz on 
two-sided cells T of W. We need to show that the Kazhdan-Lusztig cell mod- 
ules are isomorphic to some A(V, B,ip). First we show that "most" of the 
two-sided cells r of W can be described as 

T = {z~ 1 tw t z' I r eT,z,z' G Z} 

for some subsets T, Z of W and wr € W (see Sections 14.11 Section [5] and Appendix 
|A|) . Then, using the Generalised Induction Theorem of Kazhdan-Lusztig cells (see 
Section l3.6p . we define polynomials P(t) € A for all r G T (see Section l4.2p . 
Finally, we show that the map 

A(V, — ► JWf^ 

is an isomorphism of ^4-algebras (see Section I4.4j) . We then treat the case of the 
two-sided cells which cannot be described as above in Section 14.51 

Applying the results in Section [21 we obtain a parameterisation of simple modules 
of 7i: For each cell we obtain a simple module for every maximal ideal of the 
corresponding ^.-algebra B, defined at the start of Subsection 14.41 If we specialise 
to C(v) <S>a Hi the parametrisation is simply given by tuples (a, b) G C(v) 2 if 
T = {h,t 2 }, a G C(v) if T = {t}, ±1 if T = {e,t}, and 1 if T = {e}. Also 
it is clear that the affine ^4-algebras B that appear in our construction satisfy 
rad(-B) = and have finite global dimension. Thus in order to prove that the affine 
Hecke algebra H has finite global dimension, using the affine cellular structure, 
one would need to show that every .Mp 7 ^ is an idempotent ideal in 'H/'H <c1z y an d 
that it contains an idempotent element in 7-L/T~L <CTi r- 
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Remark 4.9. The problem of finiteness of global dimension of affine Hecke algebras 
have already been addressed by Opdam and Solleveld in |12j . Using methods of 
harmonic analysis, they determined the (finite) global dimension of affine Hecke 
algebras in the case where v is specialized to a positive real number. 

5. Examples 

The aim of this section is to provide some explicit examples of the sets Z and T as 
defined in Section 14.11 Let W be an affine Weyl group of type G2 as in Example 
13.61 together with some generic parameters a, b such that a/b > 2. The partition 
into cells in this case is shown in the following figure: the left cells are formed by 
the alcoves lying in the same connected component after removing the thick lines 
and the two-sided cells are the unions of all the left cells whose names share the 
same subscript. The alcove corresponding to the identity is denoted by c\. We 
use the geometric presentation of W as defined in |10j . 
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We first have a look at the lowest two-sided cell cq. In Figure [TJ we show the 
elements of the set Z = {z%, . . . , Z12}: these are the elements which correspond to 
the alcoves in dark gray. The alcoves lying in the box in light gray correspond to 
the elements in Z . We set t± = S2S1S2S1S2S3, ^2 = S1S2S1S2S3S1S2S1S2S3 and 

T:={t^\n,meN}. 
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Then we have 

CO = {z^TWoZj | t G T, 1 < i, j < 12} 
4 = {zrVwoz, | r G T, 1 < i < 12}. 

where uio = w\,2- This should be understood in the following way. Let w = 
z^ 1 TW()Zj G Co- The element Zj indicate in which connected component of c"o the 
element w lies. Then r indicates in which translate of the box w lies and finally 
z^ 1 indicates where in the translate of box w lies. This is explained in Figured] 



Figure 1. Description of cq 




We now have a look at the two-sided cell c\. We set w\ = s\SiS\SiS\. In Figure 
[21 we show the elements of the set Z = {z\, . . . , zq}: these are the elements which 
correspond to the alcoves in dark gray. We set t = S1S2S1S2S3 and 

T:={f>GN}. 

Then we have 

c\ = {z^rwiZj j r G T, 1 < i, j < 6} 
c[ = {z~ X TW\Zj j r G T, 1 < j < 6}. 
This is explained in Figure [2j 
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FIGURE 2. Description of the two-sided cell c\ 




We now have a look at the two-sided cell c 2 - We set w 2 = S1S3. In Figure [3l 
we show the elements of the set Z = {zi, . . . , zq}: these are the elements which 
correspond to the alcoves in dark gray. We set t = S1S3S2 and 



T := {f>GN}. 



Then we have 



C2 



{z i TW 2 Zj I r € T, 1 < i,j < 6} 
4 = {z^ 1 TW 2 Zj I r € T, 1 < j < 6}. 
This is explained in Figure [3l 



FIGURE 3. Description of the two-sided cell c 2 
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Then we have 

c 3 = {z^rwiZj | r G T, 1 < i,j < 3} 
C3 = {^r TWiZj I r G T, 1 < j < 3}. 

Finally, we have a look at £4 = {^sa^}- I n this case, if we set Wc 4 = S2S3S2 and 
Z = T = {e}, the description in Section [4.11 clearly holds. 

Appendix A. Some additional data 

The aim of this Appendix is to gather some data about cells in affine Weyl groups 
of rank 2 which are needed in the proof of Proposition 14.61 We refer to |6j and |8j 
for details. 

In this appendix, (W, S) will denote an affine Weyl group of type G or B together 
with a generic weight function L. We set 

£ = (J Wj. 

ICS 

Let x,y 6 £; we write x ^ctzx V if there exist a sequence x = xq, ...,x n = y in £ 
and a sequence Iq, I n -\ of subsets of S such that 

x k ,x k+1 G Wj h and x k ~ C ll %k+i in W Ik 

for all < k < n — 1 . This an equivalence relation and the equivalence classes will 
be called (for obvious reasons) the two-sided cells of (£. We denote by Vctz,€ the 
associated partition of <£. It can be shown that the Lusztig a-function is constant 
on each of the equivalence classes. To each c G Vcr.,<Ii starting from the one with 
highest a-value, we associate the following subset of W: 

c = {w G W I w = xuy, £(w) = i(x) + i(u) + £(y), x,y G W,u G c} - [J c' . 

a(c')>a(c) 

Then the sets c are the two-sided cells of W with respect to L and the left cells 
lying in c are the connected component of c. 

Remark A.l. In [8], we introduced another equivalence relation denoted ~g\ In our 
case, since the weight function is generic, it can be shown that the two equivalence 
relations ^ctl,€ an d ~e are the same. 

For each choice of parameters, we give the following data: 

(1) the partition Vcr,,<L'i 

(2) an ordering of Vcizfi with respect to Lusztig a-function. 

These data determine the partition of W into cells. The explicit partition can be 
found in in type G and in [6] in type B. 

Remark A. 2. We sometime write Cj Cj in the ordering of Vcn,<i to signify that 
for some values of the parameters we have a(cj) > a(c./) and for some others we 
have 2i{cj) > a(cj) but the corresponding sets Cj and Cj are the same whether Cj 
or Cj is computed first in the process. 
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Let c be a two-sided cell associated to c £ VcR,t with left cells decomposition 

c:=\^jc % (i = 1. . .m). 
We define an element w c €W and two subsets Z := {zx, . . . , z m } and T such that 

c = {z^TWcZj \ t eT,l<i,j < m}, 
(9 = {z~[ rw c Zj \ t e T,l < i < m}, 

(c*)- 1 n? = {^rV^Zj | r e T}. 

We introduce the following notation for t G W: 
(t) = {t n | n G N}, 

?= {-w g | ^(ur 1 *) = £(t) - £(»}. 

Remark A. 3. In other word the set t consists of all the elements si . . . where k < 
£(t) such that there exists a reduced expression of t of the form s± . . . s^Sk+i ■ ■ ■ Sm\ . 
For instance 

S1S2S3 = {e,si,sis 2 ,sis 2 s 3 } and sxs~3 = {e, sx, s 3) sis 3 } 

A.l. Affine Weyl group of type G. We keep the setting of Example 13.61 As 
far as the lowest two-sided cell cq is concerned, the sets T, Z and the element w Co 
are the same as in Section [5] for all choices of parameters. 

Case r > 1. 

Table 1. Partition VcR. it an d values of the a-function 



C6 


= {e} 





C5 


= W2.3 - {w 2 ,3,e} 


6 


C 4 


= i w 2,3} 


36 


C3 


= W%,2 ~ {e, S 2 , SiS 2 SiS2Si,Wi t 2} 


a 


C2 


= {^1,3} 


a + b 


Cl 


= {S1S2S1S2S1} 


3a -26 


CO 


= {wi, 2 } 


3a + 36 



Table 2. Ordering of the partition 



r > 2 


CO Cl C 2 C 3 -B- C4 c 5 c 6 


2 > r > 3/2 


C Ci <H> C4 C 2 C 3 C 5 C 6 


3/2 > r > 1 


CO c 4 C 2 Ci C3 C 5 C 6 
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Table 3. The sets T and Z 





r > 2 


2 > r > 3/2 


3/2 > r > 1 


w Ct 


ci, T 


(siS2Sis 2 s 3 } 


(s 2 S2Sis 2 s 3 ) 


{e} 


S1S2S1S2S1 


z 




S3S2S1S2S3 


to 




C2, T 


(S1S3S2) 


to 


(S1S3S2S1S2} 


S1S3 


z 


S2S1S2S3 U {s 2 s 3 } 


S2S1S2S3 


S2"STsJsi U {s 2 sis 2 s 3 } 




C3, T 


{e, sis 2 } 


{e, sis 2 } 


{e, sis 2 } 


Si 


z 


S2S3 


S2S3 


S2S3 






{e} 


(s 3 s 2 si) 


(S3S2S1} 


S2S3S2 


Z 


{e} 


S1S2S1S2S3 


S1S2S1S2S3 





Case r < 1. 

TABLE 4. Partition Vck,£ and value of the a- function when b > a 



C6 


= to 





C5 


= {*i} 


a 


c 4 


= £ - {e, si, s 2 sis 2 siS2, 101,2, wi,3, ^2,3} 


6 


C3 


= {wi, 3 } 


a + b 


C2 


= {s 2 siS2Sis 2 } 


36 - 2a 


Cl 


= {^2,3} 


36 


CO 


= {Wl,2} 


3a + 36 



We get the following ordering 

c ci c 2 <H- c 3 c 4 c 5 c 6 . 
Table 5. The sets T and Z 





r < 1 




ci, T 


{S3S2S1) 


S2S3S2 


z 


S1S2S1S2S3 




C2, T 


{4 


S2S1S2S1S2 


z 


S3 




£ 3 , r 


{S1S3S2S1S2) 


sis 3 


z 


S2S1S2S1 U {S2S1S2S3} 




CB, T 


{e} 


si 


z 


to 
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A. 2. AfRne Weyl group of type B. We keep the setting of Example 13,71 As 
far as the lowest two-sided cell c"o is concerned, the set T, Z and the element w co 
are the same for all choices of parameters, namely w co = Sis 2 sis 2 , 

Z = s 3 s^7^s 2 s 3 

and 

T={t r ?t% I n,m € N} 
where t\ = s 2 sis 2 S3, t 2 = S1S2S1S3S2S3. 

Generic parameters in zone A, (1 < i < 5). 

Table 6. Partition Vlr,£ an d values of the a- function 



C8 


= W 









C7 


= {M 




c 




C6 


= {«2, S3S2, S 2 S 3 


S3S2S3} 


b 




C5 


= {s 2 s 3 s 2 } 




2b- 


c 


c 4 


= {S2S 3 S 2 S 3 } 




26 + 


2c 


C3 


= {si, S 2 Si, S1S2 


S2S1S2} 


a 




C2 


= {sis 3 } 




a + 


c 


Cl 


= {sis 2 si} 




2a - 


b 


CO 


= {Wl,2} 




2a + 


2b 



Table 7. Partition V<t 



(n,r 2 ) e Ai 


CO Cl c 2 c 3 c 4 c 5 c 6 c 7 c 8 


(n,r 2 ) e A 2 


co ci c 4 c 2 c 3 c 5 c 6 c 7 c s 


(n,r 2 ) 6 A 3 


c ci «-> c 4 c 2 c 5 c 3 c 6 C7 c s 


(n,r 2 ) e A 4 


co c 4 C 2 Ci c 5 c 3 c 6 c 7 c 8 


(n,r 2 ) G A 5 


CO C 4 C 2 Ci C3 C5 C6 C7 Cs 
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Table 8. The sets Z and T 





A, 


A 2 


A3 


A 4 


A 5 




ci, T 


(sis 2 s 3 ) 


(sis 2 s 3 ) 


(sis 2 s 3 ) 


{e} 


{e} 


SlS 2 Sl 


Z 


S3S2S3 


S3S2S3 


S3S2S3 


M 


{e} 




C2, T 


(sis 2 s 3 s 2 ) 


W 


W 


(sis 3 s 2 ) 


(sis 3 s 2 ) 


S1S3 


z 


S2S3S2 


S2S3 


S2S3 


«2si U {s 2 s 3 } 


S2S1 U {s 2 s 3 } 




C3, T 


{S1S2S3S2} 


{sis 2 s 3 s 2 ) 


w 


W 


(sis 2 s 3 s 2 ) 


Si 


z 


S2S3S2 


S2S3S2 


S2S3 


^3 


S2S3S2 




Ci, T 


W 


(s 2 s 3 s 2 si) 


(s 2 s 3 s 2 si) 


(s 2 s 3 s 2 si) 


(s 2 s 3 s 2 s 1 ) 


s 2 s 3 s 2 s 3 


z 


M 








S1S2S3 




h, T 


W 


{e} 


(s 2 s 3 s 2 si) 


(s 2 s 3 s 2 si) 


{e} 


s 2 s 3 s 2 


Z 


W 


{e} 


S1S2S3 


51^3 


{e} 




C6, T 


{e} 


{e} 


{e} 


{4 


{e} 


s 2 


Z 


S3 


S3 


S3 


S3 


S3 




C7, T 


{e} 


{e} 


W 


{e} 


{e} 


S3 


z 


W 


W 


W 


{e} 


{c} 





Generic parameters in zone Bi (i = 1,2). 



Table 9. Partition Vlr,€ an d values of the a- function 



cs = {e} 







C7 = {s 3 } 




c 


ce = {si} 




a 


c 5 = {sis 3 } 




a + c 


C4 = {s 2 , SlS2, 


S 2 Sl,SlS 2 Sl,S 3 S 2 ,S 2 S 3 , S3S 2 S 3 } 


6 


C3 = {s 2 sis 2 } 




26- a 


c 2 = {s 2 s 3 s 2 } 




26- c 


c\ = {w 2 . 3 } 




26 + 2c 


CO = {^1,2} 




2a + 26 


Table 10. Partition V € 


(ri,r 2 ) G S 2 


CO Ci c 2 c 3 c 4 c 5 c 6 


c 7 c 8 


(ri,r 2 ) G B x 


CO Cl C 2 C 3 <H> c 5 c 4 c 6 


c 7 c 8 
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Table 11. The sets T and Z 







B 2 




ci, T 


(S2S3S2S1} 


(s 2 s 3 s 2 si) 


S2S 3 S2S 3 


Z 


S1S2S3 


S1S2S3 




C2, T 


(S2S3S2S1) 


(s 2 s 3 s 2 si) 


S2S 3 S2 


z 


S1S2S3 


S1S2S3 




C3, T 


{e} 


W 


S2S1S2 


z 


S3 


s'3 




£4, T 


{e} 


(s 2 sis 3 ) 


S2 


Z 


{e,si,s 3 } 


S1S3 




£5, T 


(S1S3S2) 


M 


SlS 3 


Z 


S2S1 U {s 2 s 3 } 


M 




£6, T 


W 


M 


Si 


Z 




W 




£7, T 


W 


W 


s 3 


Z 


W 


{e} 





Generic parameters in zone Q (i = 1, 2, 3). 



Table 12. Partition Vlr,€ and values of the a- function 





C8 = 


{4 









C7 = 


{S2} 


6 






C6 = 


{s 3 , s 2 s 3 , S 3 S 2 , S 2 S 3 S 2 } 


c 






C5 = 


{s 3 s 2 s 3 } 


2c- 6 






c 4 = 


{s 2 s 3 s 2 s 3 } 


26 + 2c 






C3 = 


{si, S 2 Si,SiS 2 , S 2 SlS 2 } 


a 






c 2 = 


{sis 3 } 


a + c 






Cl = 


{sis 2 si} 


2a -b 






CO = 




2a + 2b 








Table 13. Partition V e 




(ri,r 2 ) e Ci 


Co c 4 C 2 Cl c 3 


C5 c 6 


C7 C 8 


(ri,r 2 ) € C 2 


C Cl c 4 c 2 c 3 


C5 c 6 


c 7 c 8 


(n,r 2 ) e C 3 


CO Cl c 2 c 3 c 4 


C5 c 6 


C7 C 8 
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Table 14. The sets T and Z 





Ci 


c 2 


c 3 




h, T 


{e} 


(sis 2 s 3 ) 


(sis 2 s 3 } 


S1S2S1 


Z 


W 


S3S2S3 


S3S2S3 




C2, T 


(S1S3S2} 


{e} 


(S1S2S3S2) 


S1S3 


Z 


S2S1 U {s 2 s 3 } 


S2S3 


S2S3S2 




C3, T 


(sis 2 s 3 s 2 ) 


(siS2S 3 s 2 ) 


(S1S2S3S2) 


Sl 


z 


S2S3S2 


S2S3S2 


S2S3S2 




C4, T 


(S2S3S2S1) 


(S2S3S2S1) 


{e} 


S2S3S2S3 


z 


S1S2S3 


S1S2S3 


{4 




C5, T 


{e} 


{e} 


{4 


S3S2S3 


z 


{e} 


{e} 


{e} 




C6, 7" 


{e} 


{e} 


{e} 


S3 


z 




S2 


S2 




07, T 


W 


{e} 


{e} 


S2 


z 


{e} 


{e} 


{e} 





References 

C. Bonnafe. Semicontinuity properties of Kazhdan-Lusztig cells. New-Zealand Journal of 
Mathematics 39, 171-192, 2009. 

N. Bourbaki. Groupes et algebres de Lie, Chap 4~6. Hermann, Paris, 1968; Masson, Paris, 
1981. 

M. Geek. On the induction of Kazhdan-Lusztig cells. Bull. London Math. Soc. 35, 608-614, 
2003. 

M. Geek. Hecke algebras of finite type are cellular. Invent. Math. 169, 501-517, 2007. 

J. J. Graham and G. I. Lehrer. Cellular algebras. Invent. Math., 123, 1-34, 1996. 

J. Guilhot. Some computations about Kazhdan-Lusztig cells in affine Weyl groups of rank 



2. available at http://arxiv.org/abs/0810.5165 



J. Guilhot. Generalized induction of Kazhdan-Lusztig cells. Ann. Inst. Fourier, 59 p. 1385- 
1412, 2009. 

J. Guilhot. Kazhdan-Lusztig cells in affine Weyl groups of rank 2. hit Math Res Notices Vol. 
2010 3422-3462, 2010. 

S. Koenig and C. Xi. Affine cellular algebras. preprint available at 
http://math.bnu.edu.cn/~ccxi/Papers/Articles/affcell.pdf 

G. Lusztig. Hecke algebras and Jantzen's generic decomposition patterns. Adv. in Math. 37, 
121-164, 1980. 

G. Lusztig. Hecke algebras with unequal parameters. CRM Monograph Series 18, Amer. 
Math. Soc, Providence, RI, 2003. 

E. Opdam and M. Solleveld. Homological algebra for affine Hecke algebras. Adv. Math. 220, 
no. 5, 1549-1601, 2009. 



Jeremie Guilhot: School of Mathematics, University of East Anglia Norwich NR4 
7TJ, UK 

E-mail address: j.guilhot@uea.ac.uk 



26 



JEREMIE GUILHOT AND VANESSA MIEMIETZ 



Vanessa Miemietz: School of Mathematics,, University of East Anglia Norwich 
NR4 7TJ, UK 

E-mail address: v.miemietz@uea.ac.uk 



